It is shown that intermittency, a self-similar correlation with respect to the size of the phase space volume, is sensitive to critical density fluctuations of baryon numbers in a system belonging to the three-dimensional (3D) Ising universality class. The relation between intermittency index and relative baryon density fluctuation is derived. We thus suggest that measuring the intermittency in relativistic heavy-ion collisions could be used as a good probe of density fluctuations associated with the QCD critical phenomena. From recent preliminary results on baryon density fluctuations in central Au + Au collisions at √ sNN = 7. 7, 11.5, 19.6, 27, 39, 62.4 and 200 GeV at RHIC/STAR, the collision energy dependence of intermittency index is extracted and shows a non-monotonic behavior with a peak at around 20 -27 GeV, indicating that the strength of intermittency becomes the largest in this energy region. The transport UrQMD model without implementing critical physics cannot describe the observed behavior.
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I. INTRODUCTION
The exploration of the QCD phase diagram and phase boundary is one of the main goals in relativistic heavyion collisions [1] [2] [3] [4] . At vanishing baryon chemical potential µ B = 0, finite temperature Lattice QCD calculations predict that a crossover from hadronic phase to the Quark Gluon Plasma (QGP) phase will occur [5, 6] . QCD based model calculations indicate that the transition could be a first-order at large µ B [7] . The point where the first-order phase transition ends is the so-called critical endpoint (CEP) [8, 9] . Attempts such as searching for non-monotonic behaviors in the fluctuations of conserved quantities are being made to locate the CEP both theoretically [10] [11] [12] [13] and experimentally [14] [15] [16] [17] [18] [19] [20] . However, there exist sign problems in the Lattice calculations and large statistical uncertainties in the experimental measurements. Therefore solid conclusions on the existence and the location of the CEP cannot be reached at this stage. Further investigations from experiments, such as the Beam Energy Scan (BES) II program at RHIC [21, 22] , and precise Lattice QCD calculations or theoretical modeling are required.
Recently, it is argued that in heavy-ion collisions the baryon density fluctuations may provide a unique signal to the phase transition in the QCD phase diagram [23] [24] [25] . Critical opalescence [26] [27] [28] , which arises from the large fluctuations in the critical region in conventional QED matter, is a striking light scattering phenomenon happens in a continuous, or second-order, phase transition. In heavy-ion collisions, in analogy to the conventional critical opalescence, the created matter is expected to develop large baryon density fluctuations near the CEP due to a rapid increase correlation length in the critical region [1, 29] . There should exist strong fluctu- * Electronic address: lizm@mail.ccnu.edu.cn ations in the baryon density at kinetic freeze-out if such large density fluctuations can survive final-state interactions during the hadronic evolution of the system. The extracted neutron relative density fluctuation from light nuclei production in central Pb+Pb collisions at CERN SPS energies measured by NA49 collaboration exhibits a peak structure around √ s N N = 8.8 GeV, indicating that the CEP in the QCD phase diagram might have been reached or closely approached in this collision [24, 25] . In a grand canonical ensemble the correlation length diverges at the critical point. The system becomes scale invariant and fractality in multiparticle production processes [30] [31] [32] . By using a critical equation of state for a 3D Ising system, which belongs to the same universality class of the QCD CEP [33] [34] [35] [36] , it is found that the critical opalescence in the second-order phase transition shows as a strong intermittency behavior in QCD matter produced in high energy collisions [37] [38] [39] [40] . Intermittency is a manifestation of the scale invariance and fractality of the physical process and the randomness of the underlying scaling law. It can be revealed in transverse momentum spectra as a pattern of power law behavior of scaled factorial moments [30, 37] . The unique feature of this moment is that it can detect and characterize the non-statistical fluctuations in particle spectra, which are intimately connected with the dynamics of particle production. The power law fluctuations or intermittency behaviors have been recently observed in Si + Si collisions at 158A GeV/c from the NA49 experiment [41] and in Ar + Sc collisions at 150A GeV/c from the NA61/SHINE experiment [42] .
Since baryon density fluctuations and intermittency properties are both sensitive to the QCD critical phenomena, an important question is that whether there exists a relationship between them. In this work, we plan to study this issue and try to get the relation between intermittency index and the relative baryon density fluctuation based on a critical Monte-Carlo model of the 3D Ising universality class. In experimental aspect, this could provide another effective method to estimate arXiv:1901.11193v1 [nucl-th] 31 Jan 2019 the baryon density fluctuation in relativistic heavy-ion collisions besides measuring the yield ratio of light nuclei productions [24, 25] . From analyzing the preliminary experimental results on the baryon density fluctuations in central Au + Au collisions at STAR BES I energies [43] , we obtain the energy dependence of the second-order intermittency index and compare it with the results from the 3D Ising model and the transport UrQMD model.
II. A CRITICAL MONTE CARLO MODEL OF THE 3D ISING UNIVERSITY CLASS
For a 3D Ising universality system, the effective action can be written as [37] :
(1) Here, n B is the baryon-number density in the coordinate space, δ represents the isotherm critical exponent, G means a coupling in the effective potential, and g is a nonuniversal dimensionless constant.
Under circumstances that the contributions of n B to the partition function are boost invariant in the longitudinal direction, it has been proved [37, 39] that the critical fluctuations and correlations developed in the coordinate space can be transferred to the momentum space for a small momentum transfer k:
where ρ k is the Fourier transform of the baryon-number density from the coordinate space, and ρ k ρ * k is the two-particle correlator in transverse momentum space. Eq. (2) reveals a power law or fractal structure in momentum space with a fractal dimensiond F = 2 − d F . This structure provides a tool for the detection of the critical point in heavy-ion experiments. If the QCD critical point belongs to the 3D Ising universality class [44, 45] , the fractal dimension in transverse momentum space will bed F 1 3 . In high energy experiments, the power law or intermittency behaviors can be measured by calculations of scaled factorial moments (SFM) of final state particles. For this purpose, a region of chosen momentum space is partitioned into equal-size bins and the SFM is defined as:
with M D the number of cells or bins in which the Ddimensional momentum space is partitioned, n i the measured multiplicity in the ith bin, and q the order of the moments.
A power law dependence of the SFM on the number of partitioned bins when M is large enough indicates the presence of self-similar correlations in the system under investigation [46, 47] :
The index φ q , which characterizes the strength of the intermittency behavior, is called intermittency index. It has been shown to be related to the anomalous fractal dimension of the system [32] . The study of multiplicity fluctuations in decreasing phase-space intervals using the method of SFM was first proposed several years ago [46, 47] . Recent studies show that one can estimate the possible critical region of the QCD CEP by using the intermittency measurement together with the estimated freeze-out parameters [40, 48] . In order to study the intermittency behavior in detail by using the SFM method, we generate simulation events by implementing a critical Monte-Carlo (CMC) model [37] . The simulation of CMC sample involving critical fluctuations in the baryon density requires the generation of baryon momenta correlated according to the power law of Eq. (2). A Levy random walk method [49] is proposed to produce the momentum profile of the final state particles, with the probability density between two adjacent walks:
Here p is the momentum distance of two particles which satisfying p ∈ [p min , p max ]. The model parameters can be set to ν = 1/6 and p min /p max = 10 −7 for the 3D Ising universality class with the fractal dimensiond F 1 3 . The detailed description of the algorithm and implementation of the CMC model can be found in [37, 50] . In Fig. 1 , the open black circles show the second-order SFMs as a function of the number of partitioned bins in a two-dimensional momentum space. The results are obtained for an ensemble of 600 critical events. In each event, the multiplicity distribution obeys a Poisson with the mean value n B = 20. The solid black line is a fitting according to Eq. (4). It is clearly seen that the SFMs follow a good power law behavior with the increasing number of bins. It confirms that the CMC model can well reproduce the self-similar correlations as shown in Eq. (2). The fitting slope, i.e. the second-order intermittency index φ 2 , is found to be 0.834 ± 0.001, which is consistent with the theoretic expectation φ 2 = 5/6 for a critical system with the fractal dimensiond F 1 3 [37] . The open red triangles in the same figure are results from the UrQMD model [51] with the same mean multiplicity around 20. The SFMs of the UrQMD model are found to be nearly flat with increasing number of cells, with the intermittency index is around 0. This is due to no critical related self-similar fluctuations implemented in the transport model. In order to explore the baryon density fluctuations in the CMC model, we illustrate the density distribution in a 2D momentum space in the upper pad of Fig. 2 . The lower pad shows the same plot with a contour view. From the figure, strong clustering effects in momentum space, which indicating giant phase-space density fluctuations are found. The observed large density fluctuations are probes of critical singularity of the system belong to the Ising universality class. This large local density fluctuation is suggested to be a manifestation of intermittency [37] . It is argued that if intermittency occurs in particle production, large density fluctuations are not only expected, but should also exhibit a self-similarity behavior [32] . In the current CMC model, the probability density distribution of two particles with distance p in momentum space is given by Eq. (5). It implies that two particle correlations are determined by the Levy distribution. The exponent of the Levy distribution is supposed to be related to the critical exponent of a system at a second-order phase transition [52] . And it characterizes the power law structure of the particle correlation at the critical point [53] . Figure 3 presents the distributions of baryon density in four different magnification scales. We observe that the curves look the same at every level of magnification. They follow the same distribution in various momentum scales, i.e. scale invariant. Scale invariance is an exact form of self-similarity where at any magnification there is a smaller piece of the object that is similar to the whole. It is a typical character of a self-similar fractal system. The self-similar or intermittency nature of particle correlations in the CMC model is closely related to the large baryon density fluctuations which have been observed in Fig. 2 , for a 3D Ising universality class system. 
III. BARYON DENSITY FLUCTUATIONS AND SELF-SIMILAR CORRELATIONS

IV. RELATION BETWEEN RELATIVE BARYON DENSITY FLUCTUATION AND INTERMITTENCY
In order to quantitatively describe density fluctuation, the relative density fluctuation of baryons ∆n is defined as [24] :
where the angle bracket means the average in the phase space of the whole produced event sample. By using the above introduced CMC algorithm method, we perform an event-by-event analysis on the scaled factorial moments and fit the intermittency index according to Eq. (4). In the mean time, the baryon relative density fluctuations are also calculated from the produced baryons in the model. In Fig. 4 , the solid black line shows the second-order intermittency index φ 2 as a function of ∆n. The φ 2 is found to be monotonically increased with increasing relative density fluctuation ∆n. Therefore, large intermittency is expected if giant baryon density fluctuations are developed near the QCD critical region. Furthermore, Once the relation between ∆n and φ 2 is obtained one can get the density fluctuations by measuring intermittency index from the same event sample, or vice versa. Thus, it provides an experimentally measurable quantity to estimate the density fluctuations in addition to measuring the light nuclei productions based on a coalescence model calculation [24, 25] . The RHIC/STAR experiment has calculated relative density fluctuations through the measurement of the production yields of proton, deuteron, and triton in the central Au + Au collisions [43] . The dash lines in Fig. 4 The shadowed band illustrates the systematic errors from the experimental data. We observe that the strength of the intermittency first increases with energy, and then decreases rapidly in high energies with the value of φ 2 approaching to zero at 200 GeV. The energy dependence of φ 2 displays a non-monotonic behavior with a peak at around 20 -27 GeV. In order to make a comparison, the black dash line presents the theoretic expectation of φ 2 in the second-order phase transition from the 3D Ising model [37] . One may notice that the values of the extracted φ 2 from experimental measured density fluctuations are smaller than that from the Ising model. We should note that there are only seven measured data points available in experiment now. We need more data at RHIC BES II program to see whether it might touch the 3D Ising expectation at some energies between 20 -27 GeV. The red symbols in the same figure show the UrQMD model calculations with the same kinematic cuts as the data. The UrQMD model is a transport model which does not include any CEP mechanisms [51] . Here we find that it shows a flat trend with the value around 0 at all energies.
V. CONCLUSIONS AND OUTLOOK
In summary, with a 3D Ising universality class CMC model, we have demonstrated that large baryon density fluctuations are observed in a 2D momentum space. The self-similar or intermittency nature of particle correlations in the CMC model is closely related to the observed large baryon density fluctuations associated with the critical point. The relation between intermittency index and relative density fluctuation has been obtained, suggesting that the information on the relative density fluctuation of baryons can be determined from the measurement of intermittency of the system, or vice versa. The extracted intermittency index from the density fluctuations measured by STAR in the central Au + Au collisions at RHIC BES I energies exhibits a non-monotonic energy dependence with a peak at around 20-27 GeV. The comparison of results between the extracted experimental data and the UrQMD calculations shows that the non-monotonic behavior cannot be described by the UrQMD model without implementing critical physics.
In the experimental exploration of the QCD phase diagram, corresponding observables to probe the signature of the QCD phase transition and CEP in heavy-ion collisions have been measured at RHIC BES I energies during the past years. In particularly, some intriguing nonmonotonic behaviors in the Au + Au collisions have been found. In the dependence of collision energies, the higher cumulant ratios and the directed flow slope of protons have a dip shape [19, 54, 55] as well as the neutron density fluctuation and the HBT radii [43, 56] show a peak structure. All of these non-monotonic behaviors are found at energies around 20 < √ s N N < 30 GeV. Here, we have
shown that the intermittency index should also present a non-monotonic energy dependence given the phase transition of the QCD CEP belongs to the same universality class with the 3D Ising model. The energy dependence of intermittency index could be used as a good probe of large density fluctuations associated with the QCD critical phenomena. The RHIC experiment has planned a second energy scan of BES II program to run in 2019 -2020. With significant improved statistics and particle identification in BES II, it would be of great interests if STAR could directly measure the intermittency together with other sensitive observables to precisely determine the location of the CEP in the QCD phase diagram.
